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^ ! The existence of a new kind of branes for the open topological A-model is argued 

' by using the generalized complex geometry of Hitchin and the SYZ picture of mirror 
symmetry. Mirror symmetry suggests to consider a bi-vector in the normal direction of 
the brane and a new definition of generalized complex submanifold. Using this defini- 
tion, it is shown that there exists generalized complex submanifolds which are isotropic 
in a symplectic manifold. For certain target space manifolds this leads to isotropic A- 
branes, which should be considered in addition to Lagrangian and coisotropic A-branes. 
The Fukaya category should be enlarged with such branes, which might have interest- 
ing consequences for the homological mirror symmetry of Kontsevich. The stability 
condition for isotropic A-branes is studied using the worldsheet approach. 



1 Introduction 



Since the seminal paper of Witten pP, it is known that there are topological A-branes 
which are Lagrangian submanifolds. This was part of the boundary conditions imposed 
to the topological A-model formulated on a Riemann surface with boundaries. The 
quantum version of the open topological model was obtained adding a Wilson loop 
to the path integral of the closed topological model. Requiring the Wilson loop to 
be BRST invariant, it was found that Lagrangian submanifolds can carry only a flat 
vector bundle. 

The possibility of a non-flat connection for a D-brane was considered in PI 13] . The 
algebraic condition that the curvature of a line bundle over the worldvolume of the 
brane has to satisfy in order that the D-brane is a topological A-brane has been worked 
out in These topological branes are non-Lagrangian branes of higher dimension 
than Lagrangian ones and they have been called coisotropic branes using the language 
of symplectic geometry. One of the main motivation to consider such branes was in the 
context of homological mirror symmetry. It was argued that Kontsevich's conjecture 
jSj can be true only if the Fukaya category is enlarged with coisotropic A-branes. 

When the target space manifold has a generalized complex geometry [HI E] , B and 
A-twisted topological models have been defined in |H1 IH]. The paper jH] also treats 
the case of topological branes showing that their geometry is naturally described in 
terms of generalized complex submanifolds. In particular, coisotropic A-branes are 
generalized complex submanifolds of a symplectic manifold [7]. 

In a recent paper |10j| mirror symmetry in the Strominger-Yau-Zaslow (SYZ) pic- 
ture of T-duality jTTj is studied in the context of topological models with generalized 
complex geometry. Under the explicitly constructed mirror map topological A and 
B-branes are mirror pairs. Furthermore, it was shown that the field strength on the 
world volume of the brane is mapped to a bi-vector in the normal direction of the 
mirror brane. This leads to a definition of a generalized tangent bundle when there is 
a bi-vector in the normal direction of a generalized submanifold. 

In this paper we use the above insight from mirror symmetry to analyze generalized 
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topological A-branes which are equipped with a bi- vector in the normal direction of the 
brane. In this case the definition of a generalized complex submanifold has to be refined 
with respect to the case that there is a two- form on the submanifold [7j. Recall that the 
two-form on the submanifold is necessary to have covariance under 5-field transforma- 
tions. This is because a B-field transformation acts as a shear transformation on the 
cotangent bundle T*. Since a /3-field transformation acts as a shear transformation on 
the tangent bundle T, the bi-vector turns out to give covariance under /3-field transfor- 
mations. As a natural consequence one finds generalized complex submanifolds which 
are isotropic in a symplectic manifold. The target space of the generalized topological 
A-model with complex structures for left and right movers identified is in particular a 
symplectic manifold and therefore one finds isotropic A-branes. Denoting with n the 
complex dimension of the target space A^, this topological branes are of real dimension 
n — 2k, which has to be compared with the real dimension n + 2k of coisotropic A- 
branes. Isotropic branes are non-trivial cycles if the Betti numbers bn-2k{N) are non 
zero. By Poincare duality bn-2k{N) = bn+2k{N) and therefore isotropic and coisotropic 
branes appear in pairs but with different differential structures on them. 

The stability condition for isotropic A-branes is also worked out following the world- 
sheet approach applied already to the case of coisotropic A-branes ^2)- This is an 
important issue because it leads to supersymmetric cycles and to the existence of BPS 
states. 

The paper is organized as follows. In section Q we take a D2 topological B-brane 
wrapping a two dimensional torus fiber in the target space T^, which is a trivial 
torus fibration. We consider this case to construct explicitly the generalized tangent 
bundle on the mirror side. In section Q we use the definition of a generalized complex 
submanifold equipped with a bi-vector in the normal direction to show the existence 
of isotropic A-branes. In section we work out the condition that a certain form of 
the target space has to satisfy in order that isotropic A-branes are stable. In the last 
section of the paper we give the conclusion and outlook. 
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2 D2-brane on the fiber and the mirror brane 

Topological A and B-branes are submanifolds M of the target space of the twisted 
M = (2, 2) supersymmetric non linear sigma model in two dimensions. The submani- 
fold M is a topological A or B-brane if the U{1) R-currents j± = uj^iipi, V'i) match 
on the boundary of the Riemann surface as explained below (Hj. Note that we allow for 
the most general target space geometry, which is a bi-Hermitian geometry described in 
terms of two different complex structures J+ and J_ for right and left movers.^ This 
geometry was first discovered in jT^ and later included in the framework of Hitchin's 
generalized complex geometry by Gualtieri [7j. The conditions j+ + j- = and 
j+ — j_ = lead to topological A and B-branes respectively and preserve Af = 2 
worldsheet supersymmetry on the boundary. One has also to require boundary con- 
ditions for the fermions arising from A/" = 1 worldsheet supersymmetry, which are 
described in terms of a gluing matrix R and take the form ■?/'_ = Rip.^. The full set of 
boundary conditions preserving A/" = 1 worldsheet supersymmetry have been studied 
in |14t IT^ . If there exists a two form F G A^T^^ and = I_, the matrix R satisfies 
the equation tt^{G — F)7i = 7t^{G + F)tiR, where vr is the projector on the Neumann 
directions of the brane. Using the form of the projector vr in jTHj, one finds (see e.g. 
m) R'^ = {-idNj,j)®{g-Fy\g + F) on Tn\m = Nm®Tm, where Nm is the normal 
bundle to M and g is the restriction of the full metric G to Tm- 

When J_|_ 7^ /_ the geometry of topological branes is naturally described using the 
language of generalized complex geometry The brane geometry was then described 
in terms of a gluing matrix TZ : Tjq ® ^ Tjy © in [12] . The gluing condition 
becomes \1' = TZ^ with 



In the last equation r = n — Q, where Q is the projector on the Dirichlet directions of 
the brane and 



^Bi-Hermitian means that the Riemannian metric G E 0^T^ is Hermitian with respect to /+ and 
/_ . There are also two symplectic structures uj± = GI± . 




(1) 




p:=-G{i,+ -^4'-)eT*^. (2) 
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Using the projector 71+ = (1 + 7?.)/2 and defining 

r+ := {X + e G (T^ © T^)|m : 7^+(X + = X + , (3) 

one finds 

T+ = T^, = {X + ^e TM®n\M : = X^F]. (4) 

T^j is the generahzed tangent bundle of Guahieri [7 . By the conditions j+ ± j_ = 
written in terms of the T/v © bundle, topological A (B) branes are described in 
terms of the generalized Kahler structure J2 {Ji) defined in |i2,. Since the matrix IZ 
commutes with J2 (j7i) for topological A (B) branes, topological branes are generalized 
complex submanifolds {M,F) C (A^, 1/2/1) according to the definition given in [7]. 

The rest of the section is dedicated to show that by applying the SYZ picture of 
mirror symmetry to topological branes, one obtains a new kind of generalized tangent 
bundle. This definition was already given in In that paper, the target space is a 
six dimensional torus considered as a trivial torus fibration. Thus, N = B ® '■ = 

© T^, where B and JF are the base and fiber spaces. The case of a D3 topological 
A-brane wrapping was considered.^ Then, under the explicitly constructed mirror 
map the D3-brane is mapped to a DO topological B-brane and the field strength F on 
the worldvolume of the D3-brane is mapped to a bi- vector (3 = F^^. This bi- vector 
lives on the fiber, which is now the normal direction of the DO-brane. 

Here, we want to consider the case of a D2 topological B-brane to make the ap- 
pearance of the new generalized tangent bundle explicit. Consider the torus fiber as 
T = T\® T2 := T"^ (B T . Then, wrap the two dimensional torus with a D2 topolog- 
ical B-brane having a field strength on the worldvolume, i.e. F G h?T^^. The gluing 
matrix 7^ in becomes 
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^We use a notation where the worldvolume of a Dp-brane is p-dimensional. 
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which commutes with J\. The mirror map 



M : Tn 



© T* © T*. © T. 
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(7) 



with (3 = G A^Tjr^. The above mirror map also exchanges Ji with ^2 IIHI and 
therefore IZ commutes with We see that Neumann and Dirichlet boundary con- 
ditions are interchanged so that the D2 topological B-brane is mapped to a Dl topo- 
logical A-brane wrapping ^2- The field strength F is mapped to a bi- vector (3 living 
on jFi, which is now the normal direction of the Dl-brane. Computing the projector 
7^+ := (1 -|- 7^)/2, one obtains 
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(9) 



where xi G Tj^^ and X2 G Tjfj (the ^'s are the dual coordinates). Thus, one sees that 
defining 

{A' + {e(r„er;)|^, :7j+(A' + o = -f + 5}, (lO) 
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we have 

pj^ = {X + e e TAr, ® (T* © T^JI^, : x, = m)} , (11) 

which is stable under J^2- 

The study of the torus indicates that the D2 topological B-brane (M, F) C {N, J\) 
- is stable under J7i - is mapped under the mirror map to a Dl topological A-brane 
(M, /3) C (iV, J2) with /3 = G A^N^j and^ 

p'm--={^ + ^^T^\m®N}^ ■■ ^Ui=/3(0} (12) 

stable under J'2. This lead us to the following definition. The generalized submanifold 
(M, (3) C {N, J'), with /3 G A'^Nm, is a generalized complex submanifold if p^j- is stable 
under J'. In the next section we will see that with this notion of a generalized complex 
submanifold, in the symplectic case one finds isotropic A-branes. 

3 Isotropic A-branes 

In this section we want to use generalized complex geometry to show that there are 
generalized complex submanifolds of a symplectic manifold which are isotropic. To 
this end we need the definition of a generalized complex submanifold given in the last 
section, which we repeat here for clarity. 

Definition The generalized tangent bundle of a generalized submanifold (M, j3), with 
f3 G A'^Nm, is defined by 

pi:= {X + ^eT^\M®Nl, : X\^*^ = m} ■ 

Definition The generalized submanifold (M, /3) C {N,J'), with (3 G A'^Nm, is a gen- 
eralized complex submanifold if p^^ is stable under J'. 

When M is equipped with a 2-form F G A^T^j, the corresponding definitions are given 

in [7j. In this case the generalized tangent bundle is given by (jU, which transforms 

^Nm is the normal bundle of M in iV defined as the quotient Tn\m /T]\i . Note that the conormal 
bundle 7V^^ is the annihilator AnnT^/. 
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naturally under i?-field transformations. In this paper we consider M equipped with 
a bi- vector /3 G IS^Nj^i and therefore the generalized tangent bundle is p^j, which 
transforms naturally under /5-field transformations. 

From now on the conormal bundle N^^j is denoted with the annihilator AuuTm- 
For the concepts of symplectic geometry used in this section we refer the reader to 
[T7] . Let be a symplectic manifold endowed with the symplectic structure uj and 
(M, /?) C (A^, Jul) its generalized complex submanifold with respect to the generalized 
complex structure 



Note that for generalized topological A-branes we have to consider 1/2, which reduces 
to the symplectic case J^j for topological A-branes (in Witten's sense of |1, where 
/+ = /_). Choosing /?|AnnTM = i^: ^hc buudlc is stable under J iff 




(13) 



e Pm = Pm = Tm © Ann Tm 



(14) 



is stable under e ^jTe^. Here, 




(15) 



is the /5-transform of Gualtieri [7j. Requiring the stability of ()14|) under 




(16) 



one obtains the following conditions: 



1) UJ : Tm 



AtluTm, i-e. M is an isotropic manifold, 



2) uP : AnnT/v/ AuuTm, 



3) puj -.Tm ^ Tm, 



4) u-^ + pup : AnnTM ^ Tm- 



Let us define the symplectic complement of Tm in Tn\m- 



:= {v e Tj 



"n\m ■ uj{v,w) = Ww e Tm} ■ 



(17) 
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The annihilators Ann Tm and Ann T'i^ are defined as follows: 



AnnT; 



AnnT/ 



M 



M 



{v e T* Uf : = oyve Tm] , 
{v e T*^\m : viv) = 0\/veT^}. 



(18) 



Under the isomorphism 




(19) 



the bundle is identified with the annihilator AnnTjv/. This means that Vt;^ G {T'^)x 
with X G M, there exists one rj G Ann {Tm)x such that 1] = Vr, -i u!{x). One also finds 
that: 

• If M is isotropic in A^, Tm C Tj{) which implies that AnnTjJ:} C AnnTM- 

• If M is coisotropic in N, Tfj C Tm which implies that Ann Tm C AnnTj^j. 

• If M is Lagrangian in A^, Tm = T"^ which implies that AnnT^ = AnnT)^. 

We want to show that the first and second conditions above lead to l3\xnnT^i = 
0. The second one tells us that uj(3{E,) = 1] with t] G AihiTm, G AnnT/v/- The 
nondegeneracy of the symplectic structure in A^ yields /3(^,cr) = u~^{ri,a) V^, a G 
AuuTm and r] G AnnTM- By means of the isomorphism ()19|). the last equation can 
be rewritten as P{C,,<j) = crivr^) WC,,<J G AuuTa/ and G T)J} . Using the isotropic 
property AnnT^^ C AnnT/v/ and the definition (fTHj) of AnnT'^.j, one obtains l3{C,, cr) = 

G AnnTjv/ and Vcr g AnnT)(^j. We can use again the property AnnT^.j C AnnTM 
and get /5(^,cr) = V,^,cr G AnnTjJ;^, which just means that P\AnnT^j = 0. Note that 
this condition implies that /? = if M is a Lagrangian submanifold. 

Defining E := T'^.j/Tm, the consequence of P\AnnT^j = is that uj\eP becomes an 
almost complex structure on E*. In fact, given the natural isomorphism AnnT/vf ~ 
AnnTj^^ Q) E*, P E A^Nm descends to a bi- vector [3 G A^E. Furthermore, using the 
fourth condition above, one finds uj\e(3 : E* E*, i.e. uj\eI3 is an almost complex 
structure on E* . 

One can show that l3±iuj^^\E are respectively nondegenerate (2, 0) and (0, 2) vectors 
with respect to the almost complex structure on E* . Therefore, E is of even complex 
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dimension, i.e. diml^lT'^.j / Tm) x = '^dim\c{T'^j / Tm) x = 4:k. By the dimension theorem 
for the symplectic complement, we have dim\^(TN)x = dim\^(TM)x + dim\]^(T'^^) ^ and 
in addition dim\u{T^,i)x = dim|iR(T;(;^/TM)x + dim|i;(TM)x- Therefore, dimjiRM = n-2k 
with n = {dim\^N)/2. Note that k = 0,1, . . .n/2 for n even and k = 0,1, . . . {n — l)/2 
for n odd. For k = 0, dimlijM = n and M is a Lagrangian submanifold. 

The results above show the existence of generalized complex submanifolds M of real 

dimensions n — 2k which are isotropic in the symplectic manifold of real dimension 

2n. We recall that the topological B-model is well defined at the quantum level if is a 

Calabi-Yau manifold but for the topological A-model can also be a Kahler manifold. 

The conclusions above imply that there could be isotropic A-branes in addition to the 

Lagrangian A-branes of Witten |I] and coisotropic A-branes of Kapustin and Orlov 

|3]. Since we want to see under which conditions there are isotropic A-branes besides 

Lagrangian ones, we shall take A^ to be a Kahler or Calabi-Yau manifold^ and k ^ 

0. If all Betti numbers bn-2k{N) are equal to zero, there are no isotropic A-branes 

because they are homologically trivial. However, one has to expect their appearance 

whenever bn-2k{N) ^ 0. If M' is a coisotropic A-brane, dim|]RM' = + 2k. By 

Poincare duality, bn-2k{N) = bn+2k{N) and the same considerations about homo logical 

triviality for coisotropic branes Hj apply to isotropic branes. For instance, we know 

that bi{N) = if A^ is a compact Riemannian manifold with holonomy group SU(n) 

[TH] . Therefore, there are no one dimensional isotropic A-branes if A^ is a compact 

odd dimensional Calabi-Yau manifold with holonomy SU(n). This means that the 

only compact Calabi-Yau 3-folds A^ which allow isotropic A-branes are N = and 

N = T"^ X K3, which have holonomy group smaller than SU(3). There are also no 

isotropic A-branes for complete intersection Calabi-Yau manifolds of odd dimensions 

in a projective space because all odd Betti numbers, with the exception of &„(A^) 

corresponding to Lagrangian submanifolds, are zero. The same consideration does not 

apply when the dimension is even because the even Betti numbers are different from 

zero and therefore there are isotropic A-branes. 

"^For a Calabi-Yau n-fold we denote, perhaps with a shght abuse of teminology, a Kahler manifold 
with holonomy group smaller or equal to SU(n). 
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4 Stability condition for isotropic A-branes 



The aim of this section is to compute the stabihty condition for isotropic A-branes 
following the worldsheet approach used in pS] to find stability for coistropic A-branes. 
In section when M is equipped with a 2-form F G A^T^^, the gluing matrix 
71 : T/v©T^ — > T/v©T^ was constructed from the boundary conditions written in terms 
of the gluing matrix R : ^ T/v satisfying the equation {G — F)n = n^{G + F)ttR. 
Here, the manifold M is equipped with a bi- vector (3 G A'^Nm and we follow the opposite 
approach. We first construct the gluing matrix TZ which leads to a generalized tangent 
bundle r+ defined in Q equal to the generalized tangent bundle p^^ defined in the 
previous section. Then, we find the condition the gluing matrix R has to satisfy by 
projecting on the T/v bundle. 

In the paper Jl] the A/" = 1 boundary conditions were studied when F = 0. In 
a following paper ^2] the case with F ^ was considered. In the latter paper the 
Dirichlet boundary conditions are unmodified with respect to the case F = 0. It was 
required that QR = RQ = —Q, where Q is the projector on the Dirichlet directions, 
I. c. 

The indices i, j and m, n label the Dirichlet and Neumann directions respectively. Then, 
the projector on the Neumann directions is defined by tt = 1 — Q. In our case with 
/3 7^ 0, the boundary conditions on the Neumann directions are unmodified and we 
require nR = Rtt = tt, i.e. 



n 



" R= " 1 • (21) 



Then, the projector on the Dirichlet directions is defined by Q = 1 — tt. 
One can check that = p^j- is given by 

7^ = r ' 1 1 , 1 r - . I -^/^ - - I ^22) 






where r = tt — Q. The last expression can be compared with the one in (0) to see that 
now TZ is an upper triangular matrix while before it was a lower triangular matrix. 
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It was already suggested in ^| to relax the condition that 7^ is a lower triangular 
matrix, but no explicit form was given. Here, the form ()22j) for the matrix 7^ is a 
natural consequence of the definition of the generalized tangent bundle p^j. Using the 
gluing conditions \E' = 7^\E' and ip- = oiis obtains 

Q{G-'-P)Q' + Q{G-^ + P)Q'R' = 0. (23) 

The exphcit expression for the projector Q and the property P\AnnT^j = can be used 
to get 

{R-'Y = idri^ ® HdAnnT-) © { " ' " /?) (^?"' + ^) } (24) 

acting on T^\m — T^j © AnnT)^^ © E* . The metric g is now the restriction of the 
full metric G to Nm- Here, we are concerned with ordinary topological A-branes for 
which = I_ = I. The boundary condition j+ + j_ = 0, where j± = u{ip±, 'ip±), gives 
R^ujR = —uj. Using u = GI and R^GR = G, one finds that the matrix R anticommutes 
with the complex structure / of the target space manifold A^. This means that R is of 
the form 

with fi, : T<»^'' ^ T"'"' and R, : T»-»' ^ T<»^'>. 

The stability condition for topological branes can be derived by requiring that the 
spectral flow operators 

5± = n(V'±, ...,^±) = (26) 

n! 

match properly on the boundary of the Riemann surface.^ Here, A^ is a Calabi-Yau 
manifold and f2 is the holomorphic (n, 0)-form. For topological A-branes the stability 
condition is 

= e*"5_ (27) 

with a a real constant. Using the gluing condition ip^ = the last equation 

yields 

^]l...„det(i^^^) = e^^fii...^. (28) 

^We use the conventions of where the BRST operator of the topological A-model is Qa — 
Q+ + Q- and ^/i!^ and V'!- are the scalar fields on the Riemann surface. 
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The equation (j2^ gives 

det{R,') = (-l)p/2(_i)2fcdet {(G-i + /3)|^,a.o)} , (29) 



where we have used that {R2^y '■ T'^^'^^ T'^^'^^ and that dim|iK(AnnT- 
dim\^{Tl,j)^ = p with p = n — 2k. Let us define the following matrices 

G|. = f , . P-( t"') . (30) 

where now g : 

^(0,1) ^ ^*{i,o) ^-^^ (3 : E* ^ E. These matrices are used to rewrite 
the matrix in equation ()29|) in terms of (p, 5')-type components of (3. To compute the 
determinant in we need the following identities 

g%2,o) = -(1 - g'ki,i))i9k^,2))-\i - gPl,i)) , (31) 

which can be derived by the fact that u\e(3 is an almost complex structure on E*, i.e. 
{uIePY = —1. Then, one obtains 

(G-i - ~p)-\G-' + /3)U.(i,o) = (1 - ^?*Ai,i))"'^*A2,o) , (32) 

whose determinant is easy to compute. Multiplying the equation (pSjl by Qi...n and 



using the proportionality relation oc V det G, it follows that 

(fii...„)Met^(2,o) (xe*"v/d^det{((7*)^i-/3(i,i)}. (33) 
The identities can be used to get 

l^G-^ = 2^^ det det {{gY' - (34) 

by which the equation is rewritten as 

^r. ^2 . n ,v> VditG det{G~^+~0) 

{Sl,...^Y det /3(2,o) cx >— -— , ^-i ' ^5 

A/detGIs detG ^ 

A Lagrangian A-brane is stable if it is a special Lagrangian submanifold M of the 
Calabi-Yau manifold A^. This means that M is a calibrated submanifold with respect 
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to the holomorphic (n, 0)-form on or in other words that M is defined using a closed 
form on A^. Following this idea, we want to find a form on by which we can define 
our isotropic submanifolds to be stable. Then, one can rewrite this form in terms of 
the geometric data found before. 

Recall that T;,\m ^ AnnTjJ} © T;^ © E* . Choose a complex basis {/\ . . . , /^j for 
AnnT/^ © T^^ such that {$5m/\ . . . , 3m/P} and {3fJe/\ . . . , ^ep} span AnnT^^ and 
respectively. The complex basis {Z^"^^, . . . , /"} can be chosen to span E* so that 
{/^, . . . , /"} is a complex basis for T^|m- In terms of this basis 

9.\t^^ = Qi-.n^ef A • • ■ A ^efP A fP+^ A ■ • • A /" . (36) 

The last (n,0)-form can be multiplied by the 2fc-form (/5~^)^ to provide the volume 
form voIt^j^^ on T^^. The property {u\ePY = —1 gives 

r'-.i^a^v-fl^^'f ""I"''). (37) 

which can also be obtained computing the inverse of the matrix jS in fl30p and using 
the identities ()31|) . We will need the definition of the Pfaffian of a skew-symmetric 
2n X 2n matrix, which we recall here. Consider a 2r;,-dimensional Riemannian manifold 
and a two-form a = AabC* A el associated to a skew-symmetric 2n x 2n matrix A with 
elements Aab- The Pfaffian of A is defined by the equation 

1 



^ja" = Pf(A)et A---Ae;„. (3J 



Using this definition, we find 
1 



ifilT,"^ A = ^]^..„Pf{(r')(o,2)}5^e/^ A ■ ■ ■ A 3?e/^ A f'^' A ■ ■ ■ A f 

A A ■ ■ ■ A r 



. n,,,„M(£:klivol., , (39) 

where {P~^){o,2) is the (0,2)-type component of i.e. {P~^)(o^2) = —g^P{2,o)g- 



In the last equation we have used the definition of a volume form given in ^8]. If 
(A^, G) is a Riemannian manifold, an oriented tangent m-plane on A^ is a m-dimensional 
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vector subspace V of {Tn)x equipped with an orientation. The volume form voly on V 
is a m-form on V, which is given by the combination of the metric G\v on V with the 
orientation on V. In our case (T)(^)^ Vx G M is an oriented tangent (4fc+p)-plane on A^. 
Thus, the combination of G\(^t^^)x with the orientation on {T^)x gives a {4k + p)-form 
on (T)^j)a;, which is the volume form vol(Tjj^^)^ on {T^j)x for all x G M. The form in ()39|) 
is a (n + 2A;)-form on T'^, which is a {Ak + p)-form because n = p + 2k. 

The properties Pf{BAB^) = det(S)Pf(A) and (Pf(A))^ = det(A), where B is an 
arbitrary matrix of rank 2n, are used to rewrite the equation (jH^ as 

1 ~ , , detg J det (3(^2,0) 

A oc n,... -vol^j^^ . (40) 

\ / det (j 

The condition ()35p derived from the matching of the spectral flow operators on the 
boundary can be used for the last equation to give the stability condition in terms of 
a form on A^. Using the identity detG'|£;detG = (det the stability condition 

for isotropic A-branes is 

^Mt^ a {r^f oc e^f Ji^lf^^il^volT^ . (41) 
k\ ' « ^ ' V detG-i " ^ ' 

The stability condition just derived is in agreement with the condition for a La- 
grangian A-brane to be stable. It is known that special Lagrangian submanifolds are 
stable Lagrangian A-branes. When an isotropic A-brane is a Lagrangian submanifold, 

— '^M, k = and P = 0. Therefore, the equation (|1T|) gives 

^Itm oc e'tvolTM , (42) 

which is the condition for a Lagrangian submanifold to be special. 

Note that the study of stability for topological A-branes with a non-trivial field 
strength on the worldvolume of the brane was performed in [201 using the supersym- 
metric Born-Infeld action. The authors of J2] found agreement with these results using 
the worldsheet approach. However, the case of the five dimensional coisotropic A-brane 
in or x K3 was not analyzed in PU! . For the isotropic non-Lagrangian A-branes 
studied in this paper the case is rather different because the brane is equipped with 
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a non-trivial bi-vector living in the normal direction of the brane. For a Calabi-Yau 
three-fold which is or x K3, in addition to three dimensional Lagrangian A- 
branes and five dimensional coisotropic A-branes, there are one dimensional isotropic 
A-branes, whose stability condition is given by ()41|) with k = 1. For a Calabi-Yau 
four-fold we want to mention the case of two dimensional isotropic A-branes, whose 
stability condition is still given by (PT|) with k = 1. 

5 Conclusion and outlook 

In this paper we have shown the existence of isotropic A-branes whenever they are ho- 
mological non-trivial cycles. We have also given the stability condition for these cycles 
by the worldsheet approach. Using Poincare duality, it was argued that coisotropic and 
isotropic A-branes are dual cycles but with different differential structures on them. 
The coisotropic A-branes are equipped with a non-trivial curvature for the connection 
of a line bundle on the worldvolume of the brane while the isotropic ones are equipped 
with a non-trivial bi-vector in the normal direction of the brane. In the paper j3] it was 
argued that if Kontsevich's conjecture is true, the Fukaya category should be enlarged 
with coisotropic A-branes. It is then natural to propose that isotropic A-branes give a 
further enlargement of the Fukaya category. 

Kontsevich's conjecture is about the equivalence of two triangulated categories for 
mirror manifolds and A^: the derived category of coherent sheaves D^{N) and the 
derived Fukaya category DF{N). In physical terms D^{N) is the category of topological 
B-branes while DF{N) is the category of Lagrangian A-branes. For a Lagrangian 
A-brane to belong to DF{N) one has to require an anomaly cancellation condition. 
We recall that at the classical level the boundary conditions for topological A-branes 
have been defined to preserve the axial R-symmetry, which could be broken at the 
quantum level. It turns out that the condition for a Lagrangian A-brane to be special 
corresponds to the vanishing of the Maslov class, which is responsible for the anomaly. 
In mathematical terms this means that the Lagrangian submanifold is gradable in the 
sense of Kontsevich. The anomaly free condition for coisotropic A-branes was studied 
in [21] based on a proposal from the stability condition worked out in U2] • The stability 
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condition for coisotropic A-branes dictates a generalization of the Maslov class, whose 
zero gives the anomaly cancellation and graded coisotropic A-branes. It is clear that an 
analogous study for isotropic A-branes should be done based on the stability condition 
worked out here. This would correspond to graded isotropic A-branes, which together 
with the graded coisotropic ones might give the full enlargement of the Fukaya category 
from a physics perspective. 
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